Abstract. Our concern is with the group of conformal transformations of a finite-dimensional real quadratic space of signature (p, q), that is one that is isomorphic to R p,q , the real vector space R p+q , furnished with the quadratic form
1. Introduction. Let X and Y be finite-dimensional quadratic spaces and f : X >→ Y a smooth map, where the tail on the arrow indicates that the domain of definition of the map is an open subset of X and not necessarily the whole of X. Then f is said to be conformal if the differential df x of f at any point x is of the form ρ(x)t, where ρ(x) is a non-zero real number and t : X → Y is an orthogonal map, that is, is such that for any u, v ∈ X, df x(u) · df x(v) = (ρ(x)) 2 u · v; that is it is conformal if it preserves angles. More generally, let X and Y be finite-dimensional smooth manifolds and f : X >→ Y a smooth map. Then f is said to be conformal if the differential df x of f at any point x of X is a non-zero real multiple of an orthogonal map. It is well-known that any holomorphic map f : C >→ C, with C identified as a quadratic space with R 2 with its standard scalar product, is conformal. Conformal transformations of quadratic spaces of dimension greater than 2 are more restricted, as follows, in the positive-definite case at least, from a theorem of Liouville (1850). It turns out that in studying such maps it is appropriate to compactify the quadratic spaces in question in a particular way that is known as the conformal compactification, this being quite distinct from the possibly more familiar projective compactification.
3. The projective compactification. Let X be a finite-dimensional real vector space. Then any norm on X induces the same topology. That is any subset of X open with respect to any particular norm is also open with respect to any other norm.
Consider the map X → X × R; x → (x, 1). This map is clearly injective but also induces an injective map
of X to the projective space of lines through the origin in X × R. The projective space inherits the quotient topology from the topology of the linear space X ×R and is compact. The complement in the projective space of the image of the original space X is by definition the hyperplane at infinity of X.
4. The conformal compactification. For a real non-degenerate quadratic space X of signature (p, q) there is an alternative compactification that often offers advantages. This is the conformal compactification defined as follows (cf.É. Cartan (1947), (1949) , Kuiper (1949) , Hermann (1979) ).
For simplicity let the scalar product on X be denoted by ·, and consider the injective map ι :
This is not linear, but the image of X is a subset of the quadric cone Q in X with equation
The map then induces an injective map to the quadric in the projective space G 1 (X ) with this homogeneous equation. This quadric is compact, being a closed subset of a compact space, and is defined to be the conformal compactification X of the quadratic space X. The quadric X is easily shown to be homeomorphic to S p ×S q /S 0 , where S 0 = {1, −1} acts on S p × S q by (−1)(x, y) = (−x, −y). In particular, in the case that p = 0, q = n the quadric is homeomorphic to S n and in that case is a one-point compactification of R n . Let X be assigned the quadratic form
this being of signature (p + 1, q + 1). The central result is then the corollary of the following:
Theorem 4.1. Let X, X and Q be as above. Then 1. the map ι : X → X ; x → (x, x · x, 1), with image a subset of Q, is an isometry; 2. the map π : Q >→ X; (x, u, v) → x/v, defined where x · x = u v and v = 0, is conformal.
with x · x = uv and 2x · dx = u dv + v du, implying that
Corollary 4.2. Let t : X → X be any orthogonal transformation of X . Then the map f = π t ι : X >→ X is conformal.
From their form it is clear that such maps map conformal spheres (that is, quasispheres or hyperplanes) to conformal spheres, a quasi-sphere in the quadratic space X being a submanifold of X defined by an equation of the form a x · x + b · x + c = 0, where a, c ∈ R and b ∈ X, a and b not both being zero, this being a genuine sphere in the case that the quadratic form on X is positive definite and a = 0 and a plane in the case that a = 0. It is a consequence of Liouville's theorem that, for dim X ≥ 3, all conformal maps X >→ X are so induced. Clearly any such map f extends to a map f : X → X, with domain the whole of X.
It is clear in Corollary 4.2 that both t and −t induce the same conformal transformation of X. The conformal group Conf (X) is accordingly defined to be the quotient group O(X )/S 0 . Since the signature (p+1, q+1) of X is indefinite, the group O(X ) has four components. So Conf (X) has four or two, according to where the element −1 X lies. If it lies in the connected component of the identity, which is the case when p and q are both 140 I. R. PORTEOUS odd, implying that p + 1 and q + 1 are both even, then Conf (X) has four components, but if not, it has only two. The connected component of the identity is known as the Möbius group of X, denoted by M (X).
We have already noted that
With this in mind the most usual chart to employ on the projective space G 1 (X ) is the map
Then the composite of the embedding of X in X with the projection
the quadratic norm of the image being 4
To clarify all this let us look at some simple examples.
2 with its standard positive-definite scalar product. That is X = R 0,2 . Then the image of the map
lies in the quadric with equation x 2 + y 2 − u v = 0, this quadric being the conformal compactification of X.
Suppose that we make a change of variables to express the equation of the quadric as a sum of squares, an appropriate such choice being x = x, y = y, z =
Then the equation reduces to x 2 + y 2 + z 2 − t 2 and the image lies entirely in the affine chart given by t = 1, the map to this chart being the map
with image a subset of the unit sphere S 2 in R 3 . Indeed the image is whole of this sphere with the exception of one point, the South Pole, (0, 0, −1).
This compactification, being a one-point compactification, is quite distinct from the projective compactification of the previous section. It is often presented in inverse form as the stereographic projection of the sphere, minus its South Pole, to its equatorial plane. Indeed the three points
1 + x 2 + y 2 of the sphere, (x, y, 0) of the equatorial plane and (0, 0, −1), the South Pole, are collinear, as is readily verified.
The inverse map is the map
Example 4.4. Let X = R 1,1 . Then the image of the map
lies in the quadric with equation −x 2 + y 2 − u v = 0, this quadric being the conformal compactification of X.
Suppose that we make the same change of variables as in Example 4.4 to express the equation of the quadric as a sum of squares, that is x = x, y = y, z =
The image no longer lies entirely in any affine chart, but the map to the chart with t = 1 is the map
with domain the complement of the hyperbola with equation x 2 − y 2 = 1 and image a subset of the hyperboloid of one sheet with equation
5. Clifford algebras. It may be shown that, for any finite-dimensional real quadratic space X, there is a real associative algebra, A say, with unit element 1, containing isomorphic copies of R and X as linear subspaces in such a way that, for all x ∈ X, x 2 = −x (2) . If the algebra A is generated as a ring by the copies of the scalars R and vectors X or, equivalently, as a real algebra by {1} and X, then A is said to be a (real ) Clifford algebra for X (Clifford's term (1876) was geometric algebra).
To simplify notations in the above definition, R and X have been identified with their copies in A. More strictly, there are linear injections α : R → A and β :
the unit element in A being α(1). The algebra A is said to be a universal Clifford algebra for X if it is generated as a real algebra by X but by no linear subspace of X.
For example the algebra of quaternions H is a Clifford algebra for the real quadratic space R 0,3 identified with the space of pure quaternions, but it is not a universal Clifford algebra for R 0,3 , since the algebra is generated by the subspace spanned by {i, j}. It is however a universal Clifford algebra for R 0,2 . One of the characteristic properties of a Clifford algebra may be expressed in terms of an orthonormal basis as follows.
Proposition 5.1. Let X be a finite-dimensional real quadratic space with an orthonormal basis {e i : 0 ≤ i < n}, where n = dim X, and let A be a real associative algebra with unit element 1 containing R and X as linear subspaces. Then
This prompts the following definition. An orthonormal subset of a real associative algebra A with unit element 1 is a linearly independent subset S of mutually anti-commuting elements of A, the square a 2 of any element a ∈ S being 0, 1 or −1.
Proposition 5.2. Let S be a subset of mutually anti-commuting elements of the algebra A such that the square a 2 of any element a ∈ S is 1 or −1. Then S is an orthonormal subset in A.
In a universal Clifford algebra A for a real quadratic space X the space R⊕X, assigned the quadratic form
is called the space of paravectors of A. Later it will be denoted by Z, with z = λ + x. Any linear isomorphism t : X → X extends in a natural way both to an algebra isomorphism and to an algebra anti-automorphism of a universal Clifford algebra for X. In particular the identity on X extends to an anti-involution of A, A → A; g → g , known as reversion, while the map −1 X : x → −x, extends both to an involution of A, A → A; g → g, known as the main or grade involution of A and to an anti-involution A → A; g → g known as conjugation.
The elements of A left invariant by the grade involution form a subalgebra A 0 of A, known as the even Clifford algebra for the quadratic space X. It can be proved that for any (p, q) the algebra R 0 p,q+1 is naturally isomorphic to R p,q . The first stage in the construction of Clifford algebras is to show how to construct the universal Clifford algebra R p+1,q+1 for R p+1.q+1 , given R p,q , the universal algebra for R p,q . This is provided by the next proposition.
Proposition 5.3. Let A be the algebra of m × m matrices over the field K or double field 2 K where K = R, C or H, let A(2) be the algebra of 2 × 2 matrices with entries in A and let S be an orthonormal subset of A of type (p, q), generating A as a real algebra. Then the set of matrices
is an orthonormal subset of A(2) of type (p + 1, q + 1), generating A(2) as a real algebra.
Universal Clifford algebras R p,q for each p, q are given in the following table: (16) , where λ + x is a paravector in X with λ, u, v ∈ R and x ∈ X, and
Proposition 5.5. Let A be a universal Clifford algebra for a finite-dimensional real quadratic space X, of type (p, q) and let A(2) be the universal Clifford algebra for X ×R 6. Rotations of R p,q . Clifford algebras permit simple descriptions of rotations of quadratic spaces. A rotation of a non-degenerate finite-dimensional real quadratic space X is an isomorphism of X that respects the orientations of X. Any such is the composite of an even number of linear hyperplane reflections of X, a linear hyperplane reflection of X being a linear involution of X that leaves invariant the vectors of the hyperplane, but cnanges the sign of vectors orthogonal to the hyperplane. Explicitly, let A be a universal Clifford algebra for S and let a be any element of X with a·a = ±1. Then, for any x ∈ X, axa ∈ X and the map X → X; x → −axa is reflection in the hyperplane orthogonal to a. The Clifford group Γ(X) consists of all g ∈ A such that, for all x ∈ X, gx g −1 ∈ X, the map X → X; x → gx g −1 then being an orthogonal automorphism of X, which is a rotation of X if and only if g ∈ A 0 , and any orthogonal automorphism of X may be so induced. Indeed any element of Γ may be shown to be expressible as the product of a finite number of invertible elements of X, this number being even when g ∈ A 0 . The subgroup of even elements of Γ is denoted by Γ 0 . The quadratic norm of any element g of Γ is defined to be N (g) = g g, this being a non-zero real number. Moreover, for 144 I. R. PORTEOUS any g ∈ Γ with N (g) = 1 we have g −1 = g . The subgroup {g ∈ Γ; N (g) = ±1} of Γ is defined to be SpinX, and the subgroup {g ∈ Γ; N (g) = 1} of Γ is defined to be Spin + X. For a non-degenerate real quadratic space X of index (0, q) it turns out that N (g) = 1 for all g ∈ Γ so that Spin + X = SpinX. There are short exact sequences of group homomorphisms:
where S 0 = {1, −1}, the group SO(X) being the group of rotations of X and the group SO + (X) the subgroup that preserves the semi-orientations of X in the case that the quadratic form on X is of type (p, q) with both p and q non-zero.
Let A be a universal Clifford algebra for a non-degenerate real quadratic space X, and let g be an invertible element of A such that for any paravector λ ⊕ x of A, g(λ ⊕ x) g −1 also is a paravector of A. Then the map
is a rotation of the quadratic space Z of paravectors R ⊕ X, and any rotation of Z may be so induced. That is, the group of such elements is isomorphic to Γ 0 (R ⊕ X).
Proposition 6.1. Let A be a universal Clifford algebra for a positive-definite nondegenerate real quadratic space X, with Clifford group Γ and let Γ(2) denote the Clifford group of the Clifford algebra A(2). Then, for any That this is a characterisation of the elements of Γ(2) in the case that the quadratic space X is positive-definite will be indicated later. In the case of an indefinite space X the result is false, as is at once clear, since it is false for a vector x v u −x for which
In fact it can even be the case that none of the entries in the 2 × 2 matrix representing an element of Γ (2) of Γ(2). None of the entries in this matrix are invertible elements of R 1,1 . The groups Spin(n) for n ≤ 6, and the groups Spin + (p, q) for p + q ≤ 6, in the case that both p and q are non-zero, are shown in Table 2 .
The notations are mostly standard. For example Sp(4; R) denotes the symplectic group of 4 × 4 real matrices that preserve the skew-symmetric product
while SL(2; H) denotes the special linear group of all 2 × 2 matrices with entries in H and of determinant 1, the determinant being defined to be the determinant of the matrix when represented as an element of C(4). Only those with p or q zero are compact. For more details on Clifford algebras, and Table 2 in particular, the reader is referred to Porteous (1981) and (1993).
Möbius transformations of R
2 . The appropriate Clifford algebra in which to study rotations of the Euclidean plane R 2 is the algebra R 0 0,2 of complex numbers C. The plane itself is represented by the plane of paravectors which in this case is the whole of C. Now the conformal compactification sits naturally inside the Clifford algebra R which is representable by the matrix algebra C(2), the complex number z then being represented by the matrix z zz 1 z , that is explicitly by the element
More generally any element of R 1,3 sitting as a paravector in R where z ∈ C and u and v are real.
These results follow directly from the remarks following Corollary 4.2 and Table 2 .
Finally we have the following converse to Proposition 6.
Proposition 8.2. Let A be a universal Clifford algebra for a positive-definite real quadratic space X, with Clifford group Γ, and let Γ(2) denote the Clifford group of the Clifford algebra A(2). Then conditions 1 to 3 of Proposition 6.1 characterise elements of Γ(2).
Indication of Proof : What has to be proved is that for any matrix a c b d ∈ A (2) satisfying these conditions and for any x v u x , where x ∈ X and u, v ∈ R, the matrix a c b d
where x ∈ X and u and v ∈ R. This is easily verified in the particular case that x = 0, and the problem is then reducible to proving things in the case that u = 1 and v = x x . This in its turn is reducible by Section 8 to proving that, for any x ∈ X, (ax + c)(bx + d) −1 ∈ X. For the details see Ahlfors (1985) . Acknowledgment. I am greatly indebted to Pertti Lounesto for his encyclopaedic knowledge of the history of Clifford algebras, and such related topics as conformal groups, and for keeping me right on a number of points of detail. A very similar treatment of the conformal groups to that of this paper is to be found in the recent thesis of Jan Cnops (1994), and I am grateful to him for his comments. I am also grateful to Guy Laville for drawing my attention to the papers (1947) and (1949) (his last) ofÉlie Cartan.
